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Abstract. We give an elementary proof of the existence of an as- 
ymptotic expansion in powers of k of the Bergman kernel associated 
to L k , where L is a positive line bundle over a compact complex 
manifold. We also give an algorithm for computing the coefficients 
in the expansion. 



1. Introduction 

Let L be a holomorphic line bundle with a positively curved hermitian 
metric <f), over a complex manifold X. Then i/2 times the curvature form 
dd(f> of L defines a Kahler metric on X, that induces a scalar product on 
the space of global sections with values in L. The orthogonal projection 
P from L 2 (X, L) onto H°(X, L), the subspace of holomorphic sections, is 
the Bergman projection. Its kernel with respect to the scalar product is 
the Bergman kernel K of H°(X, L); it is a section of L IEI L over X x X. 
It can also be characterized as a reproducing kernel for the Hilbert space 
H°{X,L),i.e 

(1.1) a(x) = (a,K x ) 

for any element a of H°(X,L), where K x = K(-,x) is identified with a 
holomorphic section of L ® L x , where L x denotes the fiber of L over x. 
The restriction of K to the diagonal is a section of L <g> L and we let 
B(x) = \K(x,x)\ be its pointwise norm. 

Even though the Bergman kernel is of course impossible to compute 
in general, quite precise asymptotic formulas, when we replace L by L k 
and <p by k(p, are known, see Zelditch [16] and Catlin [5]. Namely: 



(1.2) K M e-^ = ^(1 + ^ + ^ + ...) 

as k goes to infinity. 

Here ip is an (almost) holomorphic extension of and the bjs are 
certain hermitian functions. In particular, on the diagonal y = x we 
have an asymptotic series expansion for 

K x (x)e'^ = k - n {l + b -^l + + ...). 

7T r£ r£ 

The functions bj(x,x) contain interesting geometric information of X 
with the Kahler metric idd(f>/2, see Lu [TT] . 

l 
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In [16] and [5] the existence of an asymptotic expansion is proved using 
a formula, due to Boutet de Monvel and Sjostrand, for the boundary be- 
haviour of the Bergman-Szego kernel for a strictly pseudoconvex domain, 
[I], extending an earlier result of C Fefferman, [6j, to include also the off- 
diagonal behaviour. The purpose of this paper is to give a direct proof of 
the existence of this expansion, the main point being that it is actually 
simpler to construct an asymptotic formula directly. Our method also 
gives an effective way of computing the terms bj in the asymptotic ex- 
panison. Even though the inspiration for the construction comes from the 
calculus of Fourier integral operators with complex phase, the arguments 
in this paper are elementary. 

The method of proof uses localization near an arbitrary point of X. 
Local holomorphic sections of L k in a small coordinate neighbourhood , 
U, are just holomorphic functions on U, and the local norm is a weighted 
L 2 -norm over U with weight function e~ k ^ where is a strictly plurisub- 
harmonic function. Using the ideas from [H] we then compute local 
asymptotic Bergman kernels on U. These are holomorphic kernel func- 
tions, and the scalar product with such a kernel function reproduces the 
values of holomorphic functions on U up to an error that is small as k 
tends to infinity. Assuming the bundle is globally positive it is then quite 
easy to see that the global Bergman kernel must be asymptotically equal 
to the local kernels. 

Many essential ideas of our approach were already contained in the 
book [H] written by the third authour. Here we use them in order 
to find a short derivation of the Bergman kernel asymptotics. For the 
closely related problem of finding the Bergman kernel for exponentially 
weighted spaces of holomorphic functions, this was done by A. Melin and 
the third author [13], but in the present paper we replace a square root 
procedure used in that paper by a more direct procedure, which we think 
is more convenient for the actual computations of the coefficients in the 
asymptotic expansions. There are also close relations to the subject of 
weighted integral formulas in complex analysis [3]. We have tried to make 
the presentation almost self-contained, hoping that it may serve as an ele- 
mentary introduction to certain micro-local techniques with applications 
to complex analysis and differential geometry. 



2. The local asymptotic Bergman kernel 

The local situation is as follows. Fix a point in X. We may choose 
local holomorhic coordinates x centered at the point and a holomorphic 
trivialization s of L such that 

(2.1) \ s \ 2 = e -^ x \ 

where is a smooth real valued function. L is positive if and only if all 
local functions arising this way are strictly plurisubharmonic. We will 
call <f>o(x) = \x\ 2 the model fiber metric, since it may be identified with 
the fiber metric of a line bundle of constant curvature on C n . The Kahler 
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form, u, of the metric on our base manifold X is given by i/2 times the 
curvature form of L, 

u = idd(j)/2. 

The induced volume form on X is equal to u„ := u n /n\. Now any 
local holomorphic section u of L k may be written as us® k where u is a 
holomorphic function. The local expression of the norm of a section of 
L k over U is then given by 

hWU := / |tt| 2 e"*V» 
Ju 

where u is a holomorphic function un U. The class of all such functions 
u with finite norm is denoted by Hk<p{U). 

We now turn to the construction of local asymptotic Bergman ker- 
nels. The main idea is that since a posteriori Bergman kernels will be 
quite concentrated near the diagonal, we require a local Bergman kernel 
to satisfy the reproducing formula (1.1) locally, up to an error which is 
exponentially small in k. In the sequel we fix our coordinate neighbour- 
hood to be the unit ball of C n . Let x be a smooth function supported in 
the unit ball B and equal to one on the ball of radius 1/2. We will say 
that Kk is a reproducing kernel mod 0(e~ 5k ) for if for any fixed x in 
some neighbourhood of the origin we have that for any local holomorphic 
function u k , 

(2.2) u k (x) = { X u k , K k , x ) H + 0(e k ^' 2 -V) \\u\\ k4> , 

uniformly in some neighbourhood of the origin. Furthermore, if Kk }X (y) 
is holomorphic in y we say that K^ x is a Bergman kernel mod 0(e~ Sk ). 

Given a positive integer N, Bergman and reproducing kernels mod 
0{k~ N ) are similarly defined. 

2.1. Local reproducing kernels mod e <5fc . Let <p be a strictly plurisub- 
harmonic function in the unit ball, and let u be a holomorphic function 
in the ball such that 

\\u\\ 2 := [ MV^<oo. 
Jb 

We shall first show that (cf [H]) integrals of the form 

(2.3) c n {k/2n)- n [ e kHx ~ y) u(y)d9Ady, 

J A 

define reproducing kernels mod e~ Sk for suitably choosen contours 

A = {(y,e) ] e = 6(x,y)}. 

Here we think of x as being fixed (close to the origin) and let y range 
over the unit ball, so that A is a 2n-dimensional submanifold of B y x Cg, 
and c n = i n (— l) n ( n+1 )/ 2 = %~ n is a constant of modulus 1 chosen so that 
c n dy A dy is a positive form. Let us say that such a contour is good if 
uniformly on A for x in some neighbourhood of the origin and \y\ < 1 

2Re6- (x-y) < -5\x - y\ 2 - <p(y) + <f>(x). 
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Note that, by Taylor's formula 

0( x ) = 0(y)+2Re ^2Q i (x,y)(x i -y i )+^2(j) i - j (x i -y i )(x j - yj)+o(x-y) 2 , 

where Qi( x , y)(xi — yi) is the part of the second order Taylor expansion 
which is holomorphic in x. Hence, if is strictly plurisubharmonic, 

9(x,y) = Q(x,y) 

is a good contour, depending on i in a holomorphic way. In particular, 
6 = y defines a good contour for (f>(x) = \x\ 2 . 

Proposition 2.1. For any good contour, 

u(x) = (k/2nrc n [ e w -(*-»)«(y)x(l/)dflAdi/ + O( e *W*)/ 2 - a ))||«|| Jk0 , 

J A 

for x in some fixed neighbourhood of if u is an element of H^B). 

Proof. For s a real variable between and oo, we let 

A s = {(x,y,9);9 + s(x-y) e A}, 

and denote by r] = r/k the differential form 

rj = c n (k/2n) n e kd <*-MyMy)d9 A dy. 

Our presumptive reproducing formula is the integral, 1$, ofrj over A and 
it is easy to see that the limit of 

L :-- 



as s goes to infinity equals u(x). (This is because c n (s / 2n) n e~ s \ x ~ y \ 2 dy f\dy 
tends to a Dirac measure at x as s tends to infinity.) The difference 
between I and I s is by Stokes formula 

Io-I.= [ dh*( V ) 

JBx[0,s] 

where h is the homotopy map 

Hv> A ) = °( x > v) - M x - y))- 

Now, 

drj = c n {k/27c) n e ke < x -^ud X A d6 A dy. 
This equals if \y\ < 1/2, and since 6 is good we have the estimate 

\dh*{rj)\ < Ck n e k{ - {5/2+x) \ x - y \ 2 -^ y)/2+ ^ x)/2) {l + \) n \u{y)\. 

If \x\ is, say smaller than 1/4, \x — y\ > 1/4 when drj is different from 0, 
so we get 

I / dh*(rj)\ <Ck n e kWx)/2 - 5) [ \u(y)\e- k ^ 2 f\l + \) n e~ kX d\ 

J J\y\>l/2 JO 

with a smaller S. By the Cauchy inequality the first integral in the right 
hand side is dominated by 

\\u\\k<f>- 



A DIRECT APPROACH TO BERGMAN KERNEL ASYMPTOTICS FOR POSITIVE LINE BUNDLES5 



Since the last integral is bounded by a constant independent of k we get 
the desired estimate. □ 

Thus we have a family of reproducing kernels mod e~ Sk . When <p = \y\ 2 
and 9 — y, the kernel in the representation - e x ' y - is also holomorphic in y 
so we even have an asymptotic Bergman kernel mod e~ Sk . To achieve the 
same thing for general weights we need to introduce a bit more flexibility 
in the construction by allowing a more general class of amplitudes in 
the integral. We will replace the function \ m the integral by x(l + a ) 
for a suitably choosen function a, where a has to be chosen to give an 
exponentially small contribution to the integral. 

For this we consider differential forms 

A = A(x, y, 6,k) = J2 M x , V, k A 

of bidegree (n — 1,0). By d0j we mean the wedge product of all the 
differentials d6i except d0j, with a sign chosen so that d9jAd9j = d6. We 
assume that A has an asymptotic expansion of order 

A ~ A + k~ l A x + ... 

By this we mean that for any iV > 

N 

A-J2 A mk' m = 0(k- N - 1 ) 



uniformly as k goes to infinity. 

We assume also that the coefficients are holomorphic (in the smooth 
case almost holomorphic) for x, y and 6 of norm smaller than 2. Let 

ad9 = e- kHx - y) d e e kHx - y) A, 

so that 

(2.4) a = D e - A + k(x-y) ■ A=:VA, 

where Dg = d/06. We will say that a function a arising in this way is 
a negligible amplitude. In the applications we will also need to consider 
finite order approximations to amplitude functions. Let 

A (N) = f2 A m/k m 



and similarily 

N 


Then 

a (N) = VA (N + 1) _ Df) . AN+1 / k N+\ 

so is a negligible amplitude modulo an error term which is 0(l/k N+1 ). 
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Proposition 2.2. For any good contour A and any negligible amplitude 
a. 

u{x) = c n (k/2n) n [ e fce -^ M (y) X (y)(l+a)^A^ + 0(e fc ^/ 2 - 5 ))|| M |U (/) , 



A 



for all x in a sufficiently small neighbourhood of the origin if u is an 
element of H^{B). Moreover 

u(x) = c n (k/27r) n [ e fce -^-^ M (y) X (t/)(l+aW)^A^+O(e^^/ 2 /A ; iV+1 ^)|| M || fc0 , 



J A 

Proof. For the first statement we need to verify that the contribution 
from a is exponentially small as k tends to infinity. But 

e ke ^u(y) X (y)add A dy = [ u(y) X (y)d s (e k9 ^A) A dy = 

A J A 

X d (u(y)e kHx - y) A A dy) = - [ d X A u{y)e ke < x - y) A A dy. 

I A J A 

Again, the last integrand vanishes for \y\ < 1/2 and is, since A is good, 
dominated by a constant times 

\ u ( y ^ e H-6\x-y\ 2 -<t>(y)/2+<l>(x)/2) 

The last integral is therefore smaller than 

|| u || ( e *W*)/2-*)) 

so the first formula is proved. The second formula follows since by the 
remark immediately preceeding the proposition, is a good amplitude 
modulo an error of order l/k N+1 . □ 

The condition that an amplitude function a can be written in the form 
(2.6) can be given in an equivalent very useful way. For this we will use 
the infinite order differential operator 



oo 1 
/L^i h\m m\\ v 1 



(k) m (m\) 

This is basically the classical operator that appears in the theory of pseu- 
dodifferential operators when we want to replace an amplitude a(x, y, 6) 
by an amplitude b(x, 6) independent of y, see [8]. We let S act on in — In- 
forms A as above componentwise. We say that Sa = b for a and b ad- 
mitting asymptotic expansions if all the coefficients of the powers {l/k) m 
in the expansion obtained by applying S to a formally equal the corre- 
sponding coefficients in the expansion of b. No convergence of any kind 
is implied. That Sa equals b to order N means that the same thing holds 
for m < N . Note also that since formally 

g — e D e-D y /k 



we have that 



s -i = e -D e . Dy /k = y i , D . D 
^> (-k) m (m\y y 



rm 
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Lemma 2.3. Let 

a^Y J ^/k) m a m {x 1 y,6) 

be given. Then there exists an A satisfying (2.6) asymptotically if and 
only if 

Sa\ x=y = 0. 

Moreover the last equation holds to order N if and only if can be 
written 

(2.5) a^ = VA^+0(l/k N+1 ). 
Proof. Note first that S commutes with D e and that 

S ((x - y) ■ A) = (x - y) ■ SA - (l/k)D e ■ SA. 

Moreover 

VA = D e ■ A + k(x - y) ■ A, 

so it follows that 

(2.6) SVA = SD -A + kS{x - y) ■ A = 

D e SA + k(x -y)-SA- D e S ■ A = k(x - y) ■ SA. 

Thus, if a admits a representation a = VA, then Sa must vanish for 
x = y. Similarily, if 

a W = VA^+0(l/k N+1 ). 

it follows that Sa^\ y=x = to order N. 

Conversely, assume Sa\ y=x = . Then Sa — (x — y) • B for some form 
B. But (2.6) implies that 

VS- 1 = kS-\x-y)- 

so 

a = S- 1 ((x -y)-B) = (l/tyVS^B 

and (2.4) holds with A = l/kS^B. If the equation Sa\ y=x = only 
holds to order N, then 

SaW = (x - y) ■ BW 

to order N. Hence 

a W = s- 1 ((x - y) • B^) = (l/k^S^BW = (l/jfe)V(S'- 1 S) W 
to order N, so (2.7) holds with A^ N+1 ^ = l/k^B)^. □ 
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2.2. The phase. Let us now see how to choose the contour A to get the 
phase function if>(x, y) appear in the expression 

e *-(*-y)_ 

In this section we still assume that the plurisubharmonic function <\> is 
real analytic and let if>(x,y) be the unique holomorphic function of 2n 
variables such that 

if)(x, x) = 4>{x). 

By looking at the Taylor expansions of if) and one can verify that 

(2.7) 2Re^(x, y) - <j>{x) - <f>(y) < -5\x - y\ 2 

for x and y sufficiently small. Following an idea of Kuranishi, see [9], [7], 
we now find a holomorphic function of 3n variables, 9(x, y, z) that solves 
the division problem 

(2.8) 6-(x-y)=iP(x,z)-iP(y,z), 

This can be done in many ways, but any choice of 6 satisfies 

8(x, x, z) = if> x (x, z). 

To fix ideas, we take 

8(x,y,z)= / dipitx + (1 — t)y, z)dt 
Jo 

with d denoting the differential of if) with respect to the first n variables. 
Since 9(x, x, z) = ip x (x, z) it follows that 

0,(0,0,0) =^,(0,0) = 0^(0,0) 

is a nonsingular matrix. Therefore 

(x,y,z) (x,y,9) 

defines a biholomorphic change of coordinates near the origin. After 
rescaling we may assume that if) is defined and satisfies (2.7) and that 
the above change of coordinates is well defined when \x\, \y\ and \z\ are 
all smaller than 2. We now define A by 

A = {(y,6);z = y}. 

Thus, on A, 6 is a holomorphic function of x, y and y. The point of this 
choice is that by (2.8), on A, 

Q ■ (x - y) = if){x, y) - t/j(y, y). 

Therefore we get the right phase function in our kernel and by (2.7) 

2Re 6-(x-y) = 2Re if){x, y) - 2<j)(y) < <f>{x) - <j)(y) - 5\x - y | 2 , 

which means that A is a good contour in the sense of the previous section. 
By Proposition 2.2 we therefore get the following proposition, where we 
use the notation f3 for the standard Kahler form in C n , 
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Proposition 2.4. Suppose that u is in H k( p. If a(x,y,9, 1/k) is a negli- 
gible amplitude, we have 

(2.9) u(x) = 



+0{e m*)/2 + s) )Mk ^ 

with a = a(x, y, 9(x, y, y) . Moreover 



u(x) = 

(k/ir) n J x x e k{ ^ xm ~^ ym) {det 9y)u{y){\ + a (N) )f3 n + 



+0 ( e hKx)/2 k n-N-U 



11 



\kcf> 

2.3. The amplitude. In order to get an asymptotic Bergman kernel 
from (2.10) we need to choose the amplitude a so that 

det 6y{l + a) = B(x, y) det ip y y, 

with B analytic. Polarizing in the ^/-variable, i e replacing y by z, this 
means that 

(1 + a(x,y,9(x,y,z, 1/k)) = B(x,z, 1/k) det i/) yz (y, z)/ det 9 z (x, y, z), 

where B is a analytic and independent of y. Consider this as an equation 
between functions of the variables x, y and 9. Let 

A (x,y,9) = det il> yz (y,z)/ det 9 z (x,y,z) = det<%W 

Since ip y = 9 when y = x we have that A = 1 for y — x. We need a to 
be representable in the form (2.6) which by the previous lemma means 
that Sa = for y = x. Equivalently, 5(1 + a) — 1 for y — x, so we must 
solve 

(2.10) S (B(x, z(x, y, 9), l/k)A (x, y, 9)) = 1 

for y = x. This equation should hold in the sense of formal power series 
which means that the coefficient of l/k° must equal 1, whereas the coef- 
ficient of each power l/k m must vanish for m > 0. In the computations 
x is held fixed and z = z(y, 9). The first equation is 

(2.11) b (x, z(x, y, 9))A (x, x,9) = l. 

This means that b (x, z (x, 9)) = 1, for all 9 which implies that b is 
identically equal to 1. 
The second condition is 

(2.12) {D e ■ D y ) (b A ) + 6iA = 

for y = x. Since we already know that b = 1 this means that 

b 1 (z(x,9)) = -(D e -D y ) (A )\ y=x , 

which again determines b\ uniquely. Continuing in this way, using the 
recursive formula 
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(2.13) ^ n Dy)l ^ A °) \*=y = 

o L 

for m > we can determine all the coefficients b m , and hence a. Then 
Sa\ y=x = so Sa^\ y=x = to order N, and the next proposition follows 
from Propositions 2.4 and 2.3. 

Proposition 2.5. Suppose that <f> is analytic. Then there are analytic 
functions b m (x, z) defined in a fixed neighbourhood of x so that for each 
N 

(2.14) (k/ir) n {l + hix^k- 1 + ... + b N {x,y)k- N )e k ^\ 
is an asymptotic Bergman kernel mod 0(k~( N+1 >). 

2.4. Computing b\. Let us first recall how to express some Riemannian 
curvature notions in Hermitian geometry. The Hermitian metric two- 
form us := ^Hijdy 1 A dyi determines a connection rj on the complex tan- 
gent bundle TX with connection matrix (with respect to a holomorphic 
frame) 

(2.15) r ] = H- 1 dH=:J2v 3 dy 3 . 

The curvature is the matrix valued two-form drj and the scalar curvature 
s is ATvdrj where A is contraction with the metric form uj. Hence, in 
coordinates centered at x where H(0) = I the scalar curvature s at is 
given by 

(2.16) 8(0) = -Tr(E-£=Vj), 

considering rj as matrix. We now turn to the computation of the coeffi- 
cient b\ in the expansion 12.141 By the definition of 9 we have that 

(2.17) 9i(x, y, z) = ^(y, z) + ^ ^viM ~ V*) + - 

Differentiating with respect to z gives 

9 z = H+^d y H(x-y) + ...., 

where H = H(y,z). Multiplying both sides by H~ l and inverting the 
relation we get 

(2.18) 9- x H = I - ^(H-'dHXx -y) + 
Taking the determinant of both sides in formula 12.181 gives 

(2.19) A = l-~Tr V (x-y) + ...., 

Hence, equation (2.14) now gives, since — J^(x — y) = 1, that 

Wo,o) = (|.(-iTh,)„ = -i|.Ti, 
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showing that bi(x,x) = §, according to 12.161 

2.5. Twisting with a vector bundle E. We here indicate how to ex- 
tend the previous calculation to the case of sections with values in L k <g>E, 
where E is a holomorphic vector bundle with a hermitian metric G (see 
also [10]). First observe that u(x) is now, locally, a holomorphic vector 
and the Bergman kernel may be identified with a matrix K(x,y) such 
that 

u{x) = J K(x,y)G(y,y)u(y)^ y ye~ h ^dyAdy. 

To determine K one now uses the ansatz 

K{x,y) = c^k^re^^Bix^k-^Gix^)- 1 . 
Then the condition on the amplitude function becomes 

d6 

(2.20) (1 + a(x, y, 9(x, y, z), l/k) det(^(x, y, z)) = 

= B(x, z, l/k)G(x, z)~ 1 G(y, z) det(^ 2 ). 

where a now is a matrix valued form , i.e. A in section 2.3 is replaced 
by the matrix A G := A C7(a;, z^Giy, z). Note that 

d 

G(x,z)~ 1 G{y,z) = I-G 1 (y,z)—G(y,z)(x-y)+... =: I-r] E (y,z)(x-y)+..., 

dy 

where r\ E := G~ l -j^G is the connection matrix of E. Hence, the equation 
12.191 is replaced by 

A G = l-(Trr//2 <g> / + r] E )(x - y) + ... 

The same calculation as before then shows that the matrix &i(0,0) is 
given by 

1 d d s 

h{0, 0) = -^Trn ®/-t--^ = ^®/ + AQ E , 

2 ay ay 2 

where 9^ := drj E is the curvature matrix of E and A denotes contraction 
with the metric two- form uo. 

Remark: Let K k be the Bergman kernel of H°(X,L k ), defined with 
respect a general volume form \i n . Then the function G := ^ n /uj n defines 
a hermitian metric on the trivial line bundle E and the asymptotics of 
K k can then be obtained as above. 

2.6. Smooth metrics. Denote by if)(y, z) any almost holomorphic ex- 
tension of 4> from A = {z = y}, i.e. an extension such that the anti- 
holomorphic derivatives vanish to infinite order on A. We may also as- 
sume that ip(y,z) = ip(z,y). That ip is almost holomorphic means that 
for any multi index a 

(2.21) D a (dip) = 0, 
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(where D a is the local real derivative of order a) when evaluated at a 
point in A, i.e. when z = y. Let now 

(2.22) 9 = [ (d y ip)(tx+(l-t)y,z)dt, 9* = [ (d y ip)(tx + (l-t)y, z)dt, 
Jo Jo 

(where dyifj denotes the vector of partial holomorphic derivatives w.r.t 
the first argument of ip) so that 



(2.23) (x - y)9 + (x - y)9* = ^(x, z) - ^(y, z) 

Then the smooth map corresponding to (x, y, z) i— > (x, y, 9) is locally 
smoothly invertible for the same reason as in the analytic case, since 
d z 9 = when x = y = z. Define the algebra A of all functions almost 
holomorphic when x = y = z as the set of smooth functions, /, of x y 
and z, such that 

D a df = 

for all multi indices a, when x = y = z. For a vector valued function we 
will say that it is in A, if its components are in A. We also define the 
vanishing ideal X°° as the set of smooth functions / such that 

D a f = 0, 

for all multi indices a, when x = y = z. Hence, if / belongs to A then 
(the coefficients of) Bf will belong to X°°. 

Note that ip(tx + (1 — t)y, z) is in A for each fixed t. Hence 9 is in A 
and 9* is in J°°, so that E23] gives 

(2.24) (x-y)9 = tP{x, y) - ^(y, y) + 0(\x - y\°°) 

when z — y. The next simple lemma is used to show that the contribution 
of elements in X°° to the phase function and the amplitude is negligable. 

Lemma 2.6. Let f\ be elements of the vanishing ideal! 00 and let b(x,y) 
be a local smooth function. Then 

Xx ( y ) e H^y)-^+M^y)) ib ^^ + f 2 ( Xj y jV )) u (y)(3 n (y) = 

xMe kWxm -^Mx,y)u{y)^M + 0{k^) \\u\\ H 

Proof. First observe that if fa is an element of X°°, then fi{x,y,y) = 

0(\x — y\°°. Moreover, we have 

(2.25) 



x - y\ 2N e fcW*.5)-*(*)/2-*(v)/2) 



< Ck~ 2N (k \x - y \ ff e -^-y\ 2 = 0{k- 2N ) 



where we have used (2.7). Combining this bound with the Cauchy- 
Schwartz inequality proves the lemma when f\ = 0. Now write 

e H4>(x,y)-i>(y,y)+fi(x,y,y)) _ e kty(x,v)-il>(y,V) _|_ f QJ e Wx,y)-i>(.y,y)+tfi(x,y,y))\^ 

Jo 

By 12.251 the second term gives a contribution which is of the order 
0{k~°°). Hence the general case follows. □ 



A DIRECT APPROACH TO BERGMAN KERNEL ASYMPTOTICS FOR POSITIVE LINE BUNDLEE3 



Proposition 2.7. Suppose that L is smooth. Then there exists an as- 
ymptotic reproducing kernel K^ N ' mod 0(k n ~ N ~ 1 ) for , such that 

(2.26) Kl N \x, y) = e k ^\b + b^ 1 + ... + b N k~ N ) 

where 6j is a polynomial in the derivatives d%d y ip(x,y) of the almost 
holomorphic extension ip of <p. In particular, 

(2.27) e- kWx)/2+ ^ y)/2 \D« y (d x ,d y ))K(x iy ) = 0(AT°°) 
uniformly in x and y for any given a. 

Proof. We go through the steps in the proof of the analytic case and 
indicate the necessary modifications. 

First we determine the coefficients b m (x,z) in the same way as in the 
analytic case, i e by fixing x and solving 

S(B(z)A )\ y=x = l 

Here S has the same meaning as before and in particular contains only 
derivatives with respect to 9 and no derivatives with respect to 9. The 
difference is that A is no longer analytic so B will not be holomorphic, 
but it will still belong to A since A does. 

We next need to consider lemma 2.3 with a e A. Then we get that 

aeA, {Sa) y=x = 0(k~ N - 1 ) <=> 3A e A : a = VA + 0{k~ N ~ l ) mod J°° 

Indeed, this follows from the argument in the analytic case and the fact 
that if c(= c(x, y, z)) G A, then 

c(x, x, z) = 3d e A : c— (x — y)d modX°° 

as can be seen by defining d by 

d— (d y c)(x, x + (1 — t)y, z)dt. 
Jo 

Here V also has the same meaning as before and contains only a de- 
rivative with respect to 9 and no derivative with respect to 9. Then 
Proposition 2.2 holds as before except that there will be one extra con- 
tribution in the application of Stokes theorem coming from dgA (when 
z — y). Since BgA vanishes to infinite order when x — y — z, it gives a 
contribution to the integral which is 0{l/k N ) for any iV by lemma l2~6l 
We therefore get from Proposition 2.2 a reproducing kernel of the form 
claimed in (12.261) except that the phase function equals 

k9 ■ (x - y) = k(t/j(x, y) - (j){y)) + /) 

with / in A. Again by lemma 12.61 we may remove / at the expense of 
adding a contribution to the to the integral which is negligable, i.e which 
is 0{l/k N ) for any N. □ 
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3. The global Bergman kernel 

In this section we will show that, if the curvature of L is positive every- 
where on X, then the global Bergman kernel K k of H°(X, L k ) is asymp- 
totically equal to the local Bergman kernel of H kl p (constructed in 
section [2]). 

Recall (section [1]) that the Bergman kernel K associated to L is a 
section of L K L over X x X. By restriction K x is identified with a 
holomorphic section of L x ® L, where L x is the fiber of L over x. Given 
any two vector spaces E and F, the scalar product on L extends uniquely 
to a pairing 

(3.1) (.,-): L®E x L®F -> E ® F, 

linear over E and anti-linear over F. In terms of this pairing K y has the 
global reproducing property 

(3.2) a(y) = (a,K y ) 

for any element a of H°(X, L). By taking a = K x (so that E = L x and 
F = L y in 13.11) one gets 

(3.3) K(y,x):=K x (y) = (K x ,K y ). 
This also implies that K(x, y) = K(y, x) and that 

(3.4) K(x,x) = (K x ,K x ) = \\K x \\ 2 . 

K(x, x) is a section of L ® L. Its norm as a section to this bundle is 
the Bergman function, which in a local frame with respect to which the 
metric on L is given by equals 

B(x) = K(x,x)e- <t,{x) . 

Notice also that by the Cauchy inequality we have an extremal charac- 
terization of the Bergman function: 

B(x) = sup |s(x)| 2 

where the supremum is taken over all holomorphic sections to L of norm 
not greater than 1. 

We now denote by K k the Bergman kernel associated to L k , and write 
E>k for the associated Bergman function. It follows from the extremal 
characterization of the Bergman function and the submeanvalue inequal- 
ity for a holomorphic section s over a small ball with radius roughly 
l/k 1 ' 2 that 

B k < Ck n , 

uniformly on X (see e g [I]). 

Let now K x N \y) be the local Bergman kernel of propositions 2.5-2.6, 
where the coefficients b m are given by (2.15), 

(3.5) K ( x N \y) = (A;/7r) n (l + b^x^k' 1 + ... + b N (x, y)k~ N )e k ^\ 
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By construction, the coefficients b m (x,z) are holomorphic if the metric 
on L - locally represented by - is real analytic. In case is only smooth 
the b m s are almost holomorphic, meaning that 

dxzbm 

vanishes to infinite order when z = x. 

Replacing K y in the relation 13.31 with the local Bergman kernel 

will now show that K k = up to a small error term. 

Theorem 3.1. Assume that the smooth line bundle L is globally positive. 
Let be defined by (3.5), where the coefficients b m are determined by 
the recursion (2.15). 

If the distance d(x, y) is sufficiently small, then 

(3.6) K k (x,y) = Ki N) (x,y) + o(j^- V ( ^ )/2+< ^ )/2) 3 
Moreover, 

D a {K k {x,y) - K[ N \x,y)) = (k m+n - N - l )e k ^ x)l2+<t>( - y) l 2) 

if D a is any differential operator with respect to x and y of order at most 
m. 

Proof. Let us first show that 

(3.7) K k (y, x) = ( X K k , x , K™) + 0(^" V W * )/2+0a,)/2) 

where x is a cut-off function equal to 1 in a neighbourhood of x which 
is large enough to contain y. Fixing x and applying Proposition 2.5 to 
u k = K kx gives 13.71 with the error term 

e m/* {k- N - 1 ) \\k x \\. 

Now, by 13.41 and the estimate for B k 

\\K k)X \\ 2 = B k {x)e k ^ x) < Ck n e k ^ x \ 

This proves 13771 with uniform convergence. 
Next we estimate the difference 

■■=K^ y \x)-{ X Kf\K k , x ). 

Since the scalar product in this expression is the Bergman projection, 

PdxK^)(x), 



u k ^ y is the L 2 -minimal solution to the <9-equation 

du Ky = B{xK { k N y y 



(%)< } + xdKl N > 



The right hand side equals 

Since % equals 1 near y it follows from (2.9) and the explicit form of K k N J 
that the first term is dominated by 

e -«5fc e fc(0(-)/2+0(y)/2)_ 
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The second term vanishes identically in the analytic case. In the smooth 
case 8k™ can by proposition 12.71 be estimated by 

0(l/^t») e feW-)/2+^(y)/2)_ 

Altogether duk, y is therefore bounded by (3.7), so by the Hormander 
L 2 -estimate we get that 

IKJ 2 < 0{l/k°°)e k ^l 2 . 

But, since the estimate on du k)V is even uniform, we get by a standard 
argument involving the Cauchy integral formula in a ball around x of 
radius roughly Xjk 1 ! 2 that u k>y satisfies a pointwise estimate 

\u h , y {x)\ 2 < {l/k^)e k ^' 2+(t,{x ^ 2 \ 

Combining this estimate for u k , y (x) with (3.6) we finally get 

(3.9) \K ( k N y \x) - K k (y,x)\e- k ^ 2 - k ^/ 2 < 0{l/k N+1 ). 

Since K k is hermitian ( i e K k (x,y) = K k (y,x)) this proves the proposi- 
tion except for the statement on convergence of derivatives. 

In the analytic case the convergence of derivatives is, by the Cauchy 
estimates, an automatic consequence of the uniform convergence, since 
the kernels are holomorphic in x and y. In the smooth case, we have that 

BK ( k N \x,z) = 0(l/A; oo )e fc W-)/ 2+ ^/ 2 ). 

This implies that the Cauchy estimates still hold for the difference be- 
tween K k and K^, up to an error which is 0(1/ k°°), and so we get the 
convergence of derivatives even in the smooth case. □ 

Remark 3.2. The proof above actually shows that the asymptotic expan- 
sion for the global Bergman kernel K k (x,y) holds close to any point x 
which is in X(0) (the open subset of X where the curvature form of is 
positive) and is such that x satisfies the following global condition: for 
any given d— closed (0, 1)— form g k with values in L k supported in some 
fixed neighbourhood of x we may find sections u k with values in L k such 
that 

(3.10) du k = g k , 
on X and 



(3.8) 



(3-11) |KIL < C\\g k 



After this paper was written this observation was used in [2] to obtain 
an asymptotitc expansion of K k (x,y) on a certain subset of X(0) for any 
Hermitian line bundle (L, 0) over a projective manifold X. 
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